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Chapter 1

Introduction

1.1 Basic Concepts

1.1.1 Basic Concepts in Set Theory
Maps

A map f between two nonempty sets A and B is a correspondence between elements of
A and B. For each a € A, there is a unique corresponding element b in B. We write it as
f A — B and b is called the image of a under map f, a is in the preimage of b under f, and
we write it as b = f(a). And

flA):={be B|3ac A, st fla)=0b}.
f'(S)={acAlf(a)e S}, forSC B.
Definition 1.1.1. We call f is injective if f(a1) # f(ag) for aj,a2 € A, a # b. We call f is

surjective if f71(b) # 0 Vb € B. We call f is bijective if f is both injective and surjective.

Cartesian product

Definition 1.1.2. (Cartesian product) Let A, B be given nonempty sets, we define

AxB:={(a,b)lac Aand be B}

Example. We can view xOy plane as a set of coordinate (x,y), x,y € R. Or we can write it

as R x R or R%. It can also be viewed as the complex plane C.

Example.

{a,b} x {c,d} ={(a,0),(a,d),(b,c),(b,d)}.

7



8 CHAPTER 1. INTRODUCTION

Operation

An operation is essentially a map from the Cartesian product S x S to original set S.

Example. Some operations:

1. Addition. N x N — N (also N, Z,Q,R,C). for example, we have 1 +1 = 2.
2. Subtraction. Zx 7 — Z (Z,Q,R,C).

3. Multiplication. N x N - N (N, Z,Q, R, C)

4. Division. Q x Q* = Q (Q,R,C), it is not an operation strictly.

Relations

A relation, for example x < y is an inequality with the notation "<”, and we call this
relation "less than”. For general pairs (x,y), we can also define some relation ~, and z,y

having this relation if = ~ y.

Definition 1.1.3. A relation of pairs (z,y) € S x S is a subset R of S x S, and call z,y

having this relation when (x,y) € R, denoted as x ~g y, we usually ignore R when there is no

ambiguity:.

Example. There are some common relations.

o Total ordering relation.
e Partial ordering relation.

o FEquivalence relation.

Problem. Let S = {a,b,c,d}, and P(S) be the power set of S, find the relation set R of
P(S) x P(S) for the inclusion relation "C”

1.1.2 Equivalence relation

Definition 1.1.4 (Equivalence relation). A binary relation ~ on a set X is said to be an
equivalence relation, if and only if it is reflexive, symmetric and transitive. That is, for all a, b,
and c in X:

e a~ a (reflexivity).

e a~bif and only if b ~ a (symmetry).

o If a~band b~ cthen a~ c. (transitivity).
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1.2 Number Systems

1.2.1 Natural Numbers

This all comes from Peano Axioms, The first axiom states that the constant 0 is a natural
number:
(i) 0 is a natural number.
(ii) If n is a natural number, n + + is a natural number.
(iii) For every natural number n, n = 0 is false. That is, there is no natural number whose
successor 1is 0.
(iv) For all natural numbers m and n, m = n if and only if m + + = n 4+ +. That is, ++ is
an injection.
(v) If P is a unary predicate such that: P(0) is true, and for every natural number n, P(n)

being true implies that P(n + +) is true, then P(n) is true for every natural number n.

1.2.2 Integers

We already have the definition of natural numbers N, now we define integers Z. Define

(a,b) € N x N to be integers with the equivalence relation (a,b) ~ (¢,d) if a+d = b+ c.

1.2.3 Rational Numbers

Define (p, q) from Z |, Z x Z* — Q. The equivalence relation (p,q) ~ (r, s) if ps = qr.

1.2.4 Real Numbers

We Define Real Number from Cauchy sequences (We need metrics). Which is naturally

closed under limitation.

1.2.5 Complex Numbers

We add i into R , which is actually from Cartesian product (a,b).Define some operating
rules and get complex number. (a,b) ~ a + bi.
We have the chain: N—+7Z —- Q - R — C.
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Chapter 2

Set theory REPEEK

2.1 Cardinality and Orders

The study of infinity is a natural requirement in the progress and completion of mathemati-
cal theory. The research work on set theory began at the end of the nineteenth century, and was
first carried out by Cantor. This brand-new theory gradually formed and developed through
hardships. So far, it has become one of the most important cornerstones of the mathematics
edifice.

If there is a 1-1 map between set A, B, we say that A and B have the same cardinality.

Definition 2.1.1 (Cardinality). All sets (equivalence class) that have the same cardinality
with A is called the cardinality of A, denoted as A.

The cardinality of natural numbers is denoted as d of Xy, and the cardinality of (0, 1] is
called continuum, denoted as c¢. The cardinality of a set is generally represented by lower case

letters. If A have the same cardinality a with a subset B’ of B in b, we have a < b.
Theorem 2.1.1 (Bernstein). If a < b, b < a, then a = b.

If a < b and a # b, the notation is a < b.

Theorem 2.1.2 (Cantor). The cardinality of power set of A is always larger than of A,
specifically A< P(A).

Definition 2.1.2 (Operation of cardinality). Define the addition, multiplication and power by
—B

j—i—?::AI_IB. j-?::AxB. A ::ﬁ.

Then there are commutativity, associativity and distribution law of addition and multipli-
cation. The law of exponential has the same form as that of real numbers.

In addition, we give the cardinality of some common sets:

11
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Example. Examples of continuum:

Any interval: (a,b) =c, (b > a).

Real (complex) numbers: R=C=c.
Rational numbers: @ =d.
Operations: N x N = d. oN — c.

2.1.1 Ordered set and ordinal

Definition 2.1.3 (Partially ordered set). Orders are special binary relations. Suppose that P
is a set and that < is a relation on P. Such that it is

1. Reflexive: Vo € S, z < .

2. Transitive: z <y, y < z, M 2 < 2.

3. Antisymmetric: v <y, y <z, M z = y.
Then P is a partially ordered set.

Suppose P and P’ are patially ordered sets, if there is a bijection f from P to P’, such
that

x <y ifandonlyif f(z)< f(y)

then P is similar to P’, denoted as S ~ S’, f is called an order preserving mapping.
Similarity relation is an equivalence relation. If any two elements have a partial order relation

<, then the partial order become a totally ordered set.

Definition 2.1.4 (Order type). Each (totally) ordered set corresponds to a uniquely deter-
mined notation, and make the two ordered set similar if and only if their order type are the
same. Essentially, it is the equivalence class for similar relations. The order type of the (to-
tally) ordered set M is denoted as M. Generally, Greek letters are used to represent the order
type, such as N = w.

Definition 2.1.5 (Addition of order type). A = o, B = 7, define the order on ALl B by:
1. If x,y € A, then z < y isin A,
2. If z,y € B, then x <y isin B,
3. Ifx e A, y € B, then x < y.

Definition 2.1.6 (Multiplication of order type). A = o, B = 7, (21,51), (72,42) € A x B,
define the order on A x B by:
1. If T < T, then (xhyl) < <$27y2>,
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2. If &y = x9, y1 < Yo, then (z1,y1) < (22,v2),
3. If &y = x9, y1 = Yo, then (z1,y1) = (z2,92).
The addition and multiplication of order types satisfy the associative law respectively, and
the addition and multiplication satisfy only the first distribution law: o(7 + p) = o7 + op.
Cardinality of order types: If the order type o = M, then the cardinality of M, M is
the cardinality of o.
Ordered set of cardinality: Let a be a cardinality, all ordered sets with cardinality a
are called the ordered set of a. Denoted as T'(a).

Definition 2.1.7 (Well-ordered set). If any nonempty subset of an ordered set, as a sub-ordered

set, always has a minimal element, then the ordered set is called a well ordered set.

Theorem 2.1.3 (The Fundamental Theorem of Well-Ordered Sets). For any two dis-

similar well ordered sets, one must have a proper initial segment similar to the other.

Definition 2.1.8 (Order number). Order types of well ordered sets are called order numbers.

Theorem 2.1.4. Set of arbitrary order numbers is naturally a well-ordered set. All ordered

numbers smaller that a given order number o forms a well-ordered set, whose order number is

exactly o.

Limit number and non-limit number: when ¢ has no predecessor, that is no 7 such

that o = 7 + 1, we call ¢ a limit number, or non-limit number.

2.2 Paradoxes and Set games

Banach-Mazur game, Guess real number, Russell’s paradox.

2.2.1 Banach-Mazur game

Dreamwastaken and Georgenotfound are playing a game about closed intervals on R to
decide who to pay the bill: Dream choose a closed interval D; and George choose its sub close
interval GG, the only restriction is that the length of GG; is less than half of D;. The round n:
Dream choose closed D,, C G,,_1, and George choose G,, C D,,, the only restriction is that the
length of G, is less than half of D,. And they get a chain of closed intervals:

Di>DGi>DDy>GyD---DD, DG, D -

Dream and George found that (1,5, Dy = (1,5, Gn = {7} is a real number. If z is rational

then Dream win, or George win. The question is, who will pay the bill?
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2.2.2 Guess real number

This subsection is in Chinese, see

2.3 Axiom of Choice, Zorn’s Lemma and Well-Ordering

Theorem

We have not introduced the three most basic axioms in set theory before, namely, the axiom
of choice, the well-ordering theorem, and the Zorn’s lemma. Generally, we define the axiom of
choice as an axiom, and derive other axioms from it. In essence, the three are equivalent to
each other, and can all be assumed to be axioms. We give the proposition of the three, and the
proofs can be found in the last chapter. See

Axiom 2.3.1 (Axiom of choice). For any set family, there is a selection function. That is, for

any set family X, we have
VX D¢ X = 3f: X > UX VAeX, f(A) e A].

Axiom 2.3.2 (Well-ordeing theorem). For each set, there is a ordering on it which makes it

into a well-ordered set.

Axiom 2.3.3 (Zorn’s lemma). In any nonempty poset, if any chain (totally ordered subset)

has an upper bound, then there is a maximal element in the poset.



Chapter 3

Basic structures

3.1 Vector spaces

3.1.1 Definition and examples

Definition 3.1.1 (Vector space). A vector space over a field F' is a set V' together with two

binary operations that satisfy the eight axioms listed below.

o (Associativity) u+ (v+w) = (u+v) +w.

o (Commutativity) u+v=v+u.

o (Identity element) There exists and element 0 € V' such that v+ 0=v for allve V.
(Inverse element) For every v € V, there exists and element —v € V, such that v4(—v) =
0.

Compatibility) a(bv) = (ab)v.

Identity of scalar mutiplication) 1v = v.

(
(
(Distributivity of vector addition) a(u+ v) = au + av.
(Distributivity of field addition) (a + b)v = av + bv.

This is the first algebraic system throughout learning, and there are some conclusions that
can’t be taken for granted. We list and prove some of those propositions that we thought

obvious below.

Proposition 3.1.1. In a vector space, the following conclusion holds:

(i) Zero element 0 is unique,
(ii) Every vector a has a unique inverse,
(iii) For each vector e, we have 0a = 0,

(iv) For each vector e, we have (—1)a = —a.

1EBA. We just sketch the proof:

15
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(i) Suppose there is another 0’, then 0 =0+ 0" = 0'.

(i) Suppose there is one vector av with inverses 3, 3, then 8 = B+(a+03') = (B+a)+03 = 3
) 0 = (0 + 0)ax = 0cx + Ocx, then Oax = 0.

) 0=(14+(-1))a=a+ (—1)a, therefore (—1)a = —a.

(iii

(iv

We list some examples of vector spaces, and the examination is left as exercise.

Example (n-dimensional Euclidean space.). n-dimensional Fuclidean space R™ over field R is

a vector space. n -dimensional space R™ can be viewed as a table with n entries.

Example (Matrices of the same shape). m x n matrices over ) is a vector space, addition and

scalar multiplication are as usual.

Example. All continuous real functions over [0, 1], denoted as C[0,1], is a vector space. Ad-

dition of functions is pointwise, scalar mutiplication on R is as usual mutiplication.

Linear dependence and basis

We introduce the concepts of linear dependence and basis through the example of Euclidean
spaces.

In an Euclidean space R", we have vectors of the following form:

0
€1 = . ) €y = . ) y €n =

0 0 1

which is often called the basis of the n-dimensional Euclidean space, for the form kie; + koeo +
-+ + k,e, can’t be combined into 0, otherwise k; = ky = --- = k,, = 0. The vectors are then

called linear independent.
For example, ¢, = (1,2,3)", & = (1,1,1)7, &3 = (0,2,4)”. we have &; = @5 + x3. The

vectors are then called linear dependent.

Definition 3.1.2 (Linear dependence). For m vectors @; in a vector space V', if there exist

coefficients k; that are not all zero, such that k@, + kexs + - - - + k,,@,,, = 0, the m vectors are

linear dependent, or linear independent if not.

All vectors of the "linear combination” form are called spanned by x;, all vectors spanned
by @x; make a vector space, called the vector space spanned by xi, @, ..., x,,, denoted as

span@y, o, ..., Tyl
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If a vector space can be spanned by a finite number of vectors, it is said that the vector
space is finite dimensional, otherwise it is infinite dimensional. For a finite dimensional
vector space, the minimum number of vectors that span it (prove that the number is well
defined) is called the dimension of the vector space, denoted as n = dimV. And those n
vectors are called the basis of the vector space V.

The basis of a linear space are linear independent vectors, and the linear space spanned

by linearly independent vectors of number dimV is exactly V.

3.1.2 Linear mapping

Definition 3.1.3. A linear mapping from vector spaces V to W over field 2 is a map f
satisfying

(i) flee+B) = fla) + f(B),

(i) f(ka) = kf(a).
where a, B €V, k € Q.

We skip the definition of subspaces, the reader who don’t know yet can look up for then-

selves.

Definition 3.1.4. Given a linear mapping f from V' to W over field €2, we define
kerf={veV | flv)=0ec W}.
Imf={f(v)eW | veV}.
Please show that they are both subspaces of V, W respectively.

Proposition 3.1.2. Given a linear mapping f from V to W over field €2, and given basis

v1,Vs,...,0, €V M wy,w,, ..., w,,. Then f gives a matrix representation
f(vlalv27 cee 7vn) = (wla wa, . .. 7wm) Amxn-
which means f(v;) = aj; w1 + agws + - -+ + AW, 1 <0 <

We find that although we can give a characterization of a linear mapping corresponding
to the basis, it seems that a linear mapping is an inner relationship between two vector spaces.
If we change the basis, how would the matrix change?

Suppose another basis in V', v, ..., v}, satisfying

(v],...,v) = (v1,...,0,) Pyun.
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where the invertible matrix P is called transition matrix, then
f(v/h Ué? s 7”7/1) - f ((171,’02, s avn)Pan) = f ((Ula V2, .- . 7”71)) Pn><n
- (wla way, . .. 7wm) Amanan'

Thinking: Why the matrix can be taken out of f7 If the linear mapping is from V' to V', and
take the same basis for both side, how would the matrix behind change?

To help understanding linear mappings, we give more examples, where vector spaces are
not necessarily finite dimensional.
Example. C'(0,1] are the set of all continuous differentiable functions (the derivatives are
continuous) over interval [0, 1], the differential operator d is a linear mapping from C*[0,1]
to C|0, 1].

d:geClo,1] — ¢ € C0,1].

with ker d = {g € C'[0,1] | g = const}.

To achieve the isomorphism theorems, we define the quotient space. Suppose W is a
subspace of V', we define a equivalence relation on V by u ~ v iff u —v € W.
Definition 3.1.5. The space whose elements are the equivalence classes [u] of V', with opera-

tions defined by (prove well-defined)
[u] + [v] = [u+ o], Klu] = [ku].

is called the quotient space of V' by W, it is also a vector space.

3.2 Groups

Definition 3.2.1 (Group). A group is a set G together with a binary operation on G, here
denoted -, such that the following three group axioms, are satisfied
« (Associativity) For all a,b,c € G, (a-b)-c=a-(b-c).
+ (Identity) There exists an element e € G, such that e-a =a-e = a, Va € G. (Prove
uniqueness).
+ (Inverse) For each a € G, there exists b € G such that a-b=0-a = e. b is called the

inverse of a, commonly denoted a~*.

3.3 Rings

Definition 3.3.1 (Ring). A ring is a set R equipped with two binary operations + (addition)

and - (multiplication) satisfying the following three sets of axioms, called the ring axioms
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e R is an abelian group under addition.

e R is a monoid under muliplication.

o Multiplication is distributive with respect to addition, meaning that:
a-(b+c)=(a-b)+ (a-c)forall a,b,ce R.
(b+c)-a=(b-a)+ (c-a) for all a,b,c € R.

Domain: A ring with no zero divisors. That is, a - b =0 in R implies a = 0 or b = 0.

Integral domain: Commutative domain.

3.4 Fields

Definition 3.4.1 (Field). A field is a set F* which is a Integral domain, and every nonzero

element in it has a multiplicative inverse.

Problem. Prove that F), = {l;: | k is the equivalence class mod p, p pm’me} s a field.

3.5 Modules

Definition 3.5.1 (Module).

Thinking. What is the definition of number field in our textbook? Are there really a

concept called "number field”?

3.6 Polynomials I

3.6.1 P(z): from definition

Definition of Polynomials : Undetermined variable. Monadic polynomial ring.
P(z) = apz™ + ap_12™ t + - 4+ ayz + ag.

Equivalence:
Q) = bpx™ + bp_12™t + -+ by + by.

Polynomials P(z) = Q(z) means m = n and a; = b; for each 1.
Operations: Addition, Subtraction, Multiplication.
Functions on them: deg, LT.
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3.6.2 Division algorithm

f(z), g(z) € Qlz], and g(x) # 0, Q is a field. We have

f(x) = q(z)g(x) + r(z).

with deg(r(z)) < deg(g(x)).



Chapter 4

Linear algebra done right

4.1 Matrices revisit

We will list some basic techniques in matrix theory.

4.2 Rank inequalities

We will list some rank inequalities of vector spaces and matrices. The notes are

I, o\(A B\ [a B
—caA' 1,)]\c D/ \o D—ca'B
A B\ (I, —A"'B\ (A 0
c D)\o I, " \c b-cA'B

I, ©0\(A B\ (I, —A'B\ (A 0
-cA™ 1,)J\c D)/\o I, 0 D-CA'B

Problem. (1) # k # 0, rank (kA) = rank (A);

(2) rank (AB) < min{rank (A),rank (B)};

(3) rank (O B) = rank (A) + rank (B).

A C A O
(4) rank (O B) > rank (A) + rank (B), rank <D B> > rank (A) + rank (B);
(5) rank (2) < rank (A) + rank (B), rank (A B) < rank (A) + rank (B)

21
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(6) rank (A + B) < rank (A) + rank (B), rank (A — B) < rank (A) + rank (B)
(7) rank (A — B) > |rank (A) — rank (B) |
Problem (Sylvester Inequality). Let A be m x n, B be n X k matrices, prove that
rank (AB) > rank (A) + rank (B) — n.
Problem (Frobenius Inequality). Assume all mulitiplications holds, then

rank (ABC') + rank (B) > rank (AB) + rank (BC) .
Problem. Prove that rank (A) = rank (AT A)

Problem. Let A be an n x m matriz, B be an m X n matriz, for each nonzero \g we have

m — rank (Ao, — BA) = n —rank (\g — AB).

4.3 Dual spaces

This section is in connection with functional analysis, category theory, representation the-

ory.

4.4 Eigen-theory

Just normal eigenvalues and eigenvectors.

4.5 Canonical forms of matrices

For classification.

4.6 M-matrices

Another way for classification.

4.7 Quadratic form

We will add symplectic spaces and unitary spaces here.*



Chapter 5

Mutilinear algebra

5.1 Mutilinear algebra

To discuss multilinear functions, another view of matrices.

5.1.1 Basic concepts
5.1.2 Tensor product

5.1.3 Wedge product

23
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Chapter 6

Topology Theory

6.1 Basics in topology

6.1.1 Topological spaces

Definition 6.1.1. A topology on a set X is a collection T of subsets of X having the following

properties:

(1) @ and X are in T.

(2) The union of the elements of any subcollection of 7 is in 7.

(3) The intersection of the elements of any finite subcollection of 7 is in 7.

A set X for which a topology 7 has been specified is called a topological space.

Properly speaking, a topological space is an ordered pair (X, 7) consisting of a set X and

a topology 7 on X, but we often omit specific mention of 7 if no confusion would arise.

Example. Let X be a three-element set, X = {a,b,c}. Find some topologies on X.

Example. If X is any set, the collection of all subsets of X is a topology on X, it is called

the discrete topology. The collection consisting of X and () only is also a topology on X ; we

shall call it the indiscrete topology, or the trivial topology.

Definition 6.1.2. Suppose that 7 and 7" are two topologies on a given set X. If 7/ D T, we
say that 7' is finer than T if 77 properly contains 7, we say that 7" is strictly finer than 7.

We also say that 7T is coarser ihan 77, or strictly coarser, in these two respective situations.
We say T is comparable with 7" if either 7/ > T or T O T".

Definition 6.1.3 (Basis). If X is a set, a basis for a topology on X is a collection of subsets

of X (called basis elements) such that

25
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(1) For each x € X, there is at least one basis element B containing x.

(2) If = belongs to the intersection of two basis elements B; and Bs, then there is a basis
element B3 containing x such that Bs C By N Bs.

If B satisfies these two conditions, then we define the topology 7 generated by B as follows: A

subset U of X is said to be open in X (that is, to be an element of 7T) if for each x € U, there

is a basis element B € B such that x € B and B C U. Note that each basis element is itself an

element of 7.

6.1.2 Closed Sets and Limit Points
Closed sets

Definition 6.1.4. A subset A of a topological space X is said to be closed if the set X—A is

open.

Hence we have the same properties dual to those listed the definition of topology (open

sets).

Definition 6.1.5. Given a subset A of a topological space X, the interior of A is defined as

the union of all open sets contained in A, and the closure of A is defined as the intersection

of all closed sets containing A, denoted by IntA, A respectively.

Obviously IntA is open while A is closed, furthermore,
IntA C AC A.

Theorem 6.1.1. Let A be a subset of the topological space X, then x € A if and only if every

open set U containing x intersects A.

Mathematicians often use some special terminology here. They shorten the statement "U
is an open set containing x” to the phrase

"U is a neighborhood of x.”

Limit Points

Definition 6.1.6. If A is a subset of the topological space X and if x is a point of X, we

say that z is a limit point (or "cluster point,” or "point of accumulation”) of A if every

neighborhood of z intersects A in some point other than z itself.

Example. Consider the real line R with usual metric topology (skip definition), A = {% | n€ N*}.
Then 0 is a limit point of A.
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Theorem 6.1.2. Let A be a subset of the topological space X, let A" be the set of all limit
points of A. Then

A=AUA.
6.1.3 Continuous Maps

Definition 6.1.7. Let X and Y be topological spaces. A function f : X — Y is said to be

continuous if for each open subset V of Y, the set f~1(V) is an open subset of X.

Theorem 6.1.3. Let X and Y be topological spaces; let f : X — Y. Then the following are

equivalent:

1. f is continuous.

2. For every subset A of X, one has f(A) C f(A).

3. For every closed set B of Y, the set f~1(B) is closed in X.

4. For each x € X and each neighborhood V' of f(x), there is a neighborhood U of = such
that f(U) C V.

6.1.4 Special topologies

The Order Topology

Induced Topology (Subspace Topology)
Product Topology and Box Topology

Quotient Topology

6.1.5 Metric Spaces

6.2 Compactness

Semicompact, paracompact®, sequential compact, with metric spaces.

6.3 Connectedness

6.4 Countability and Separation Axioms
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Chapter 7

Basics in Homological Algebra

7.1 Basics in homological algebra

7.1.1 Exact sequences

7.1.2 Chain complexes

Short to Long.

7.1.3 Diagram chasing

Snake’s Lemma, Five lemma,

7.2 Special Modules

7.2.1 Projective Modules
7.2.2 Injective Modules

7.2.3 Flat Modules

29
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Chapter 8

Category theory

8.1 Category theory

8.1.1 Categories, functors

Give some examples.

8.1.2 Natural transformations

Representable functors, equivalences of categories, Yoneda lemma.

8.2 Yoneda Lemma
8.2.1 Representable Functor

8.2.2 Universal property

8.3 Limits

Just give concrete examples here.
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8.3.1 Limits in Sets

8.3.2 Special Cases
Kernel and cokernel
Product and coproduct

Pullback and pushout

CHAPTER 8. CATEGORY THEORY



Chapter 9

Galois Theory

9.1 Galois theory

9.1.1 Field extension

33
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Chapter 10

Other Problems

10.1 Basic tricks

10.1.1 Wonderful X

n 3

j=1 i=1 i=1 j=i 1<i<j<n
<E ai> = E a; + 2 E a;a;.
1

i=1 i= i<j

n

Z(ai —a;)*=(n—1) Za? — QZaiaj.

i<j i=1 i<j

Zf(‘,'v?y?Z) -

cyc

Zf(‘/'v?y?Z) -

sym
n n—1
> aiby = Apby + > An(a; — airr).  (Abel)
=1 =1

B4+ =3wyz, f e +y+2=0.
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10.1.2 Newton identities (Polynomials)
10.2 Other Problems

10.2.1 Problems from other notes

Problem.
.
.1'1+.%’2+"'+.Tn20
i+ a3+ +ad =0
(27 +a5+---Fa2; =0
Prove that:

T =To="---=z, =0.

Problem (Ziwen MENG, 22-fall note 4). Let A = (a;;) be a n xn matriz, where a;; = ged(4, j),
prove that

det A = p(1)p(2) -+~ p(n).

where o is Fuler function.
Hints: B = (b;j), C = (cij), where

I AN .
bi': s CZ:QDZbZ
; {0 ey = el

10.2.2 Mason-Stothers theorem and Fermat’s last theorem

10.2.3 Marden’s theorem
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Previous Lecture Notes
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38 CHAPTER 11. PREVIOUS LECTURE NOTES
11.1 Linear algebra - 3

1. (BEfRR) EH R4 B, s RARR. shARER) .
a) W f,g,h € Qlz]. % flh,glh, H. f,g TR, W fg|h.

b) &% f,g #RAE —Z0, U [f,¢] = fg C (CBEWIMAELE, B% [f,9,h] = (fffgf;b) P
JRAL?)

¢) (f"g") = (f,9)" (BN ALETA IR ERASTT LRI ] LLIGE S R A7)
2. (EAE) EY Q BIEEREHEZ I, £ Q EPAERMR, BNEEZ N2 IR
3. &M, ZERAMMGIE LY

[Lf, gl b = f, g, Bl [f. (g, h)) = (Uf, gl [, 01D, (Mg, b)) = [(f, 9), (f, )]

4. IEMIRREL f(x) = sin(x) ARER RN N Z T
5. 3K 2% 4+ 7ot + 182 + 2222 + 13z + 3 WA AT LA
6. W f(z) R—NBRFZIR, a,b, c R=EADH B IEPARATHE

fla)=0b,f(b) =c, f(c) = a.

7. UERR: 22 + o+ 1] (23 4 23t 4 23R2), Hod myn ke N,

8. (IBBE) W /R Q LI KELETR, u & 7 7E C B, Q) = {h(u) |
h(x) € Qlal}.
UERH
(a) Qfu] = {h(u) | h(z) € Qa], degh(x) <n —1};
(b) Q[u] & Hk.
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11.2 Linear algebra - 4

1. (FERHET) KUK LLF BB & B R

BORHH Q EREZ 2 T E 3G IFgs LM
BORAH A LA g PR

SR B0 A BEBUE IR 2 DT g TR 7
BOAA 22 RS, A I 22 TR 47 5 2

B ARB 2 D B S B BB APERI R R, A

4 FBAX TR 2 WA f(2), FE—X AL Z TR u(z,y), v(z,y) HH5
fla+yi) = u(z,y) + iv(z,y).
BB PIAEAE —TCREZ IR u(z,y),v(z,y) 5 u(z,y) +iv(z,y) AR o +yi BEZHRX.
5. Wp AR U f(x)=2Pt+ 2P 2+ + o+ 12 Q LWL Z I
6. W feRlx] HE R LIEF f(z) > 0. iEHA g, h € Rlz] 5 f = ¢> + A2

7. W ay, ag, .. an FEHFEEL UEH (v —a)(z —a) ... (z —a,) — 12 Q LMEEAZ
T,
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11.3 Linear algebra - 5

EL Atk (=] 55

1. ¥ T ARIR 2 T A W SR 22 T ) 22 0 2
(i) f(z1, w2, 23) = (71 + 22) (21 + 23) (72 + 73),
(ii) f(w1, T2, 3, 74) = 2323 + 2323 + 2323 + 2303 + 2303 + 23073,

2. WHIE pr® +qa?+rz+s=0 (p#0) W="RA a,b, ¢, WITE: (a®+ ab+b?)(b? + be +
) (S + ca + a?).

3. WEI 23 + pa? + qr + r = MRARSESZHL, SRIE: p? > 3q.

4. Fion R KRIE: (z+y)(y+2)(+2) TR (v +y+2)" — 2" —y" — 2"

s AL ULk

1. #Q(V2) = {a0+a1{1/§+a2{'/1+-~—|—an,1\”/ﬁ la; €Q,0<i<n— 1},5]@&@(\"/5)
MR, (Hints: 25 3 IF S 8 )

2. W f(z) RAHIEIR M2, & o+ bye & f(x) FR, 2 a,0,c AL, Vo 2
TCHEEL. SKRIE: a — by/c 2 f(x) MR,

hRRTERL (IE3)

REAAL LI

1. % p(x) 28k F EWATAZIA, f(2) 2 F L2 0B & p(e) BEME o
W2 f(z) FIAR, W p(x) | f(x). KR, p(x) FME—SEMRERZE f(z) AR,

(FH SEER AR A 2 385 sk AN s K A K, BLURCOS T AFE R AR e 38 B B AN a] 253
i he v e 8 2 T B K A A3

2. W u REHEHEN, B v EEENEFHHRALZ IR f(2) = a2™ + apg2™ ! +
co a4 ag, MK u R —MREEL. IR

(i) AE—AREEL u, FFEME—— v EEME AR Z I g(2), 15 g(z) 2
wIEERIITAEFA R 2 RS N X g(x) R~ u RN 2 30
A (FE: wiEE g(z) F8HIZ v N g(x) BIR).

(i) % g(z) Z2—N v EBAMNE —FHERZHEZ I, W g(x) 2 v PR 2T R 2
M2 g(x) RAMEEIR EATTL 2T
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iR1ES P ER & EHE

L (BELARN) W oy, 2, 2, B F EHRE, WHH v, v2, ..., yn € F. KIE: f74E
—ANREAEE n -1 MZTE f(2) 8 f(z) =y, i=1,2,...,n.

2. W f(x) =D n RETE, A k=01, ,n NE f(k) =5, K f(n+1).
3. (PERIAERE) & {fi(x) [i=1,-- ,n} RMERMZIN, ai(x), -, an(x) & n A
Z i, KiE: FAEZ K g(2), &S g() = fi(v)q(z) +ai(z), (i =1, ,n).
= (B fEAT LA
FE— M AR R rp, =3RRI TN

miar+y+z+1=0,
meix+ay+z+2=0,
mgir+y—2z+3=0,

BHE o LR, =PRI E X R,
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11.4 Linear algebra - 6
Problem. % %% AT [F4
(i) e AR il 4947 ) XALEG 7 L.
(ii) H HATF) KAE G — 23t MR
Problem. ##477| X 6914

(i) +HATFI X

1 1 1
(e el
|A| — 1 Cg e 0727)_,'_1
1 cnt Con
(i) I n BAFFIR (@ £0):
T —ar ) X3 R Ty
T To — A2 Z3 .. Tn
Al =] = T T3 —as ... Ty
T i) XT3 cee T — Ap

Problem. 1EB#%

(i) % |A| = |ag] £—A n BAFAIK, Ay REOF (i,)) LEORRAET X, Lit:

a;r ayg ... a1p, T
91 QA22 ... a9y T n n
= |A] - Z ZAijxiyj
i=1 j=1
An1 Ap2 ... Qpp Tp
Y1 Y2 oo Y 1
(i) &
Tr — a1 —ai2 Ce —d1p
—ag r — a2 ... —a2n
flz) =
—an1 —anp2 cee X — Qpp

b g RASH, a; AER. GER: f(o) A—ARSAAZHN 1 9 n kAEAX, A
—ﬁ:— n—1 /}}(lﬁéﬁ«%*’g{%ﬁ: —<CL11 + a9 + - - +ann>-
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Problem. =& & 69+ 5

(i) KF7In+1MAT5 X698, £ a; #0, 1 <i<n:

(i) 7+ H n WATFIX (be #£0)

ap by by

cC1 ap 0

|A| = |C9 0 a9

¢, 0 O
a b
c a b

c a

Problem. * LT 4 3eAM4EM i+ H 477 Xa9/h

Problem. At £ A B -

2. HHETIUTFI X

A

Al =

<
g 8 «

1+z, 1+22

< 8 £

1+z
1+z

1+=x

n
1

n
2

33
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11.5 Linear algebra - 7

Problem. i %% VAT 5] 4
(i) B H4EMEFEEN, FIER4E 09 Rk 4.
(ii) A R4EMEFEEN, BHIEERR ABC 9&5=h, AF AR mxn, BAnxk C
K kx| B, m,n, k| € N*.
(iii) BEFEEIE (trace) B9 = 3L, 4 H T — LB R
(iv) BARIEGFGHE 240, L B2 L, WA, e T L.
(v) &L (F) =AM (R /45) SR, (R /F)Hermite %2 1% 89 € 3.
(vi) AR EAENE T4EME; EAAENE, BB, RFIEME, AR L
(BB 45 AR )

Problem. 8 45469 e i &%

(i) X
0
0o 1 . 0
0
1 0O ... 0
KAk
O I,
Ak_<1 0’“) (k=1,2,...,n)
k
(ii) &
1 1 0
1
A 0 1
1 1
0 1

KECH kR,
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11.5. LINEAR ALGEBRA -7

Problem. KiE:
(i) H=— n M2EEHA T LT H —NITHRIEGFE 5 — A RITARFEFEZ Fa .

(ii) A A n W4EME, N AT A R 3FAR4E %

(iii) A A n WEFEE, W AP A A Hermite 4£1%.
(iv) AR n B4R U NBESE EH: A REAEES HRY ULAU & ENFEE

Problem. X T %t A 4B % 49 3 #eP%
(I) Kik: AP A n MAEMGE R ET ARG LEE L R BB 4EF KT

(1) i%
aq El
CL2E2

a- B,

0
5 A TR IE

AR AL, BY (+£j 8, a; #a;, E; & n; WEAZFERE, JEH

[ P RE A de T K89 4E [
A 0
Ay
0 A,
H A, AtEZE n, U4EE.
Problem. ¥ A A n M4E%, a £ n £7|®m=. iE¥: Aa=0 % HIXE AYAa =0.
— F—aal IE A RERFER

Problem. % o ZIFR n f7m=e, A=1
KRG KM mk, KMNTAGAEFETFD LagE. X a - F@LEX RS

(£ FEAN K
MR R HE L L FE—ACEROE B, AT o MELRNSHAE F

A=A

=,
AT AT ?)
Problem. * T 2|3k 69 4[5 AR 59 V5 3R 4E [% -

aq s ag Qp

an a1 a2 Ap—1

ap-1 ap aq Ap—2

a9 as Q4 aq
KuE: Bl M VAR 4E % 2 AR R B IR 4E [
PR KRE, BRAVT ARG — AR

(Hints: FRFIA 2. Fid: £F ) EEEH 517
FE IR 64T 5 X9 ME, BSARTT A B TR
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Supplementary - 7

X6 0% > L
Problem. #H TP E3R4EE A 69477 X914

aq s ag ... Qp,

Ap ay a ... Qp-1
A=1|a,_1 a, a1 ... G2

a9 as Q4 ... aq

Problem. 5 T 74E% A 094175 X a944:

cos cos20 cos30 ... cos nf

cos nf cosf cos20 ... cos(n—1)6
A= |cos(n—1)0 cosnf cosf ... cos(n—2)0

cos 20 cos30 cos4f ... cos 6

Problem. X % M X,

fe(@) =" P+ F g oo, k=12, ..

% EAEIE
filar)  falar) .. fular)
filag)  falaz) ... fula2)

filan)  falan) - falan)
KK LB RARD MR, VA BATT ARFF AR AT I X — A Kk

Binet-Cauchy 23\
Problem. & A, B # & m xn 89544, KiE:

|AA"||BB"| > |AB"?

BER AT

BB 22 20Ok B TR RIS 8 T AT S 2ORAE, W1 DS B FAT 10— MESE S, B2k

ZFE DL ] R
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Problem. & A & m W 4% D & n W%, B A mxn %%, C A nxm %% N

A B
— |A||D - CA™'B|
C D
A D TiE, WA
A B .
— |D||A - BD'C|
C D

M% A D #T#HE, RANAF X
|A||D - CA™'B| = |D||A - BD™'C|
P R W, L& 5]t

Problem. K F?|4E% A 49177 X A944:

0 2 3

1 0 3
A=11 2 0 n

1 2 3 ... 0

Problem. 3 T 7|4 565477 XA9ME, HF a; £0(1 <i<n)

0 ai+as ... ay+ay,
as + ay 0 ... as+a,
anp+a1 a,+as ... 0

Uy SEINN

PSR EANE, W A, B /2 n BrERE, W4
(1) tr(A+ B) =trA+trB

(2) tr(kA) = k(trA)

(3) tr(AT) = (trA)

(4) tr(AB) = (trBA)

URSEEZZS Sl

Problem. JEBA T 3| 446 -
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(1) & A & n BWREHE, U tr(AAT) >0, FTRLVWALFMHZ A=O0;

(2) % AR nWEERE N tr(AAT) >0, FTRZHAEEMHAE A=0.

Problem. X A & n MFE4EE, #HL AAT = A?) KiE: A RITARIEMSE. (3R AR LA
i)

Problem. iE8: R T G4£ n %R A, B, 81§ AB—- BA=FkI, &£+ L cTF X,

Problem. iXx A A m xn %%, B A nxm %% X% )& tr(AB) 5 trBA 9 X %.

Problem. & n WWR4EEHL AAT = 1, WHRAHEZLERE. £ TNEGEE n WEXIES
A B, #% A= cAB+ B?, ¥ ¢ RIETEHR.

TEHIZ]E

Problem. i% f Z#3% F £ n MIEFELF F 69—/ wedt, CH LTI &4
(1) 31E% n W4 A B, f(A+ B) = f(A) + f(B):

(2) MAEE 0 WA A 2 k€ F, f(kA) = kf(A));

(3) A% n B4l A, B, f(AB) = f(BA);

(4) [(I,) =n
Rik: f HAZE, BF f(A) =tr(A) S— F L&y n M4EHF A R

FEFERY IS
Problem. % A & n WT#4E%, o, & n £F@E, L 1+87A  a=#0. Kik:
1
T\-1 _ A-1_ —1 . aT A1
(A+apl) = AT - A gt A

E10: RN KARA Sherman-Morrison /> ..

Problem. % A, B,C,D ¥ n WW4E%.

(1) % A’— A, B>—B, A+ B— A+ B, it%: AB= BA=O.

(2) EHAEEER Kk, 1813 (AB)* =0, i£%: I, - BA R T#[%.

(3) % A,D,D— CA-'B ¥} Tl iE%: A— BD'C WA T#IE, £ it slk.

ST
Problem. % A,B,C,D & n M4E% L AC = CA, Kik:

A B
—|AD - CBI|.
C D
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Problem. % A, B A n W4EM%F, JE A

I, + AB| = |I, + BA|.
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11.6 Linear algebra - 8

Problem. % A, B 4 n M5E4E%, JEH AT AA X T

B

A
C D

B A —-B ., |a B
=|A+ B|B+ A|; = |det(A +iB)|*;

A B A

SEIT: TREB P TR, UTABFRA SRR E EFEGTNXERROXE. . &

A B,.C,D A nW4EME, LF A ATELESE, Lt LFE = AT77] X

Problem. % #74E 469 T 1% 14 7 -

(1) % n B4 A #REX A2 —3A+2I, =0, Kif: A o A+ 1T, HATESEE =
AATL, W A—2I, &R 4%

(2) % A2=B?=1 H |A|+|B| =0, KiE: A+ B 222 ¥ F4EME (BpRTELERE).

(3) % A,B & n W%, I, + AB T#  Kik: I, + BA T,

Problem. % A, B, A — B #% n M4E%, iE9:

1

B'-A'=(B+B(A-B)'B) .
Problem. X A, B A n W#%, Kif: (AB)* = B*A*.

Problem. iEBA4ERE4E 56940 % 4536, bR RAMA A* £ T A 69FFF4EE.
(1) (A7) = (A")".

(2) (cA)* =c"TA*, A A n WHEHE, ¢ AFH.

(3) % A TiE, W A T#E, A0 (A7) = (A1)

(1) |A*] = |A|"Y, A H n Brée s,

(5) (A*)* = |A|"2A, £+ A A n(n>2) WEEHE.

IR (4), (5) TTHRFEIETELEG G IERS, RTEFH GEESE.

Problem. 1% A Binet-Cauchy > RXiE Lagrange 185 X.:

(En: a?) (ZE bf) — (zn: aibi>2 = > (aibj—azb)’.

=1 i=1 1<i<j<n
Problem. & A = (A;j)nxn, 7T

k

n’

k k
Qij = Sitj—2, Sk=T] +Ty+- -+

K

A| 81, HBHEF 7 kT Y IRAE M 69 47 7] X AALF) A
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Problem. & T 7] n+ 1 M4EM%a9 173 X A48

((ZQ + bo)n (ao + bl)n Ce (ao + bn)n
(CL1 + bo)n (a1 + bl)n e (CLl + bn)n
(an +b0)" (an+b1)" ... (an+0by)"

Supplementary - 8

FN K RAERRE

S 5% 2R A I AT ) B ABOR IR TR 2 UK, LA R S5 G RIS 2R kA8 9 —
F AR R DAZE OB BS54, DR 1 B O RS, AT 122K BIr 8 ) IS A2 <5 4 58 _E AR 1R 9
{H. FHEI Y, JATIAT 7R

Proposition 11.6.1. % f NS S BIES T WY, ~ A S LRI NENMKR. B o~
y € S WA flx) = fly), WFEE—MEFMME f: S =5/ ~— T. Hi S/ ~ 519 S 7
FEW KR, BBENREE DR, RATEERMS 7: 8 - S, n: 2 — [2], BENTR
IS 22 SRR

FERLERFIR A F b, AT IS BR 2 R 5 AR, JA1IZ a0 T L, Bl 51T &
5.

(1) f:V = W LT Z RS, SRR o~y HHNY 2 —y € kerf. H

ker f T2 [0 .

(2) ¢: G — H NBEEZIMPEZL, HMRAW x ~y MHAY 27y € kerg. H ker¢ IEMTHE
.

(3) ¢: R— S AMZREIFIFAL, FMRAN o~y [HANY 2 —y € kerg. H kerg FELAE
T

(4) f: X = Y NI Z R EFESBRS, MR o ~ y W BATHIE, AT S a1
ESECEZEENS

(5) (EEHN R M, N, Hik&EH Mo N Z7EHE R/RRAERIE EEN KR (rm,n) ~
(m,rn), XA me M, ne N, r € R.
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Kronecker i (Tensor Product)

WA= (a;;) M1 B = (b;) 77l mxn M kx Bk, & AT Kronecker F14
— mk x nl BrHFE:

CL11.B (llgB C alnB
A 2 B— 0,21.B G/QQ'B e CLQT.LB
amB aB ... an.B

Problem. iEBI4E M8 Kronecker A2 & T P MR (1BAZ VAT #9 48 M o koo R A & L)
(1) (A+B)eC=A®C+B®C;

(2) AQ(B+C)=AQB+A®C;

(3) (kA)® B=k(A® B)=A® (kB);

(4) In® I, = L,

(5) (AB)® (CD) = (A®C)(B® D);

(6) (A9 B)®C=A® (B®C);

(7) & A, B #ATTH 4R N A B AT H4E% 5

(A B)'=A"'® B

(8) & A & m W#I%E, B & n W%, 1| |A® B| = |A|"|B|™.

p il pei AT
Problem. n 7% A 77| XA RO FRGWLEFMAZ, LT 3]) TUARFARLCHT (3])
AEPEEE. (BRMNEFIIXNEHLFTE THAIE, LRLFREZL)LEH)

Problem. #HAA—/NEEZITHALMHS, B THE A WK ay, A

’aii| > Z ‘aij| (2217,71)
Jj=1,j#i
do R BRSNS XA Ak 2, WAR A TR A e L RE % .
WA m R A BRI A SR, N A RIEFFAERE; wRbsh A W EF AR TEY
HIEHK, N AT XKTE.
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Problem. ## &% VAT 694218 &

(1) FEFRE9 A0 % T B R e EL A oAR e e T

(2) HEEARAT (3)) 0% T #do T B SE 15 K T

(3) i sEEFMAG L, RELS LT 5.

(4) RO L, FFE B A CHRAIANZ] 3.

(5) H4 B AEEATIR S Schur /> X A9,

Problem. % A,B,C,D ¥4 n MW4E%H A f= C T3, EH]

A B
C D

Problem. F|¥f4E (569 3 FM (BpeT £ 4% ).

‘: |AD — CB].

(1) Kik:n Wi A R4 RIS L EERR, AAFEGANFTE B, (£/3 AB = O.

(2) Kik: n W E A RFFLHEEGASLEFMHA, A £IERIGE ¢, £/ Az = 0.
Problem. & F 455 T #0977 ik R4S A 0932 6%

1 2 3 ... n—1 n

n 1 2 ... n—2 n-—1
A=|n-1 n 1 ... n—3 n—2

2 3 4 ... n 1

Problem. Kif: H£— n M4EMETETAM e I, + B ZAFGEEZR, L E; £ n
AR B AE R, a;; R — 5
Problem. & A A n W35k RASARFE %, LB -
(1) 3 1E& n f3@E ¢, A ' Ax =0. (ENFHFLRLLG).
(2) I, — A ZAEF F4EI%.
Problem. iEB] VAT 4B 4k 69 1N 5 X #(B AT L6 R LR IEFEATF X)
(1) 1EPA: rankA — rankB < rank(A — B) < rankA + rankB.
(2) rank(A B) < rankA + rankB.
Problem. iE8: n M4E% A 5 HFRIEE A 9K E AT X F

n, rankA =n,

rankA* =<1, rankA =n—1,
0, rankA <n—2.
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FESA M FEYISE AR e, SO R B MR, BATTR] LAZE H G T A B2 B 2 Y i 7L

Problem. n M 77 A 8947 | XA KN ROWEF/HE, LX47 (7)) TARFARLECIT (31)
ARG, (BRMNETIIXEHFETHRATE, ERLFALZL)LE)

Problem. &A1k —AMEMHRITHAEMS, BT HE A GLE ay, A

n
lail > Y layl (i=1,...,n)

J=1,j#i

Jo R ER R SUAY NS XA A iR 2, W AR A TR fa e AR Rk
JER: 4o R A BRI A KL, W A AIEF FIEE.

Supplementary - 9

RAFN

[ AR PATT U] i3k — A2 T AREAS S R0, JRATT 88 e P 4, AR AA)iE. JRATIFE 2R
PEAS A) AT BLog SCYERR, AR R P mT DUE SCRRER, 0 A X S8 AR ey A9 R R 2

Proposition 11.7.1. %[ A [J#k = 5EFE A ZIFRIRE = 560 A 17 R FK.
FEFEFEFTIR AR ARG, Schur & B A 28 R R Em I /o Aa, DRI IRA TR 2 25 2 otk

Theorem 11.7.1 (Schur). X T 3R4EFGF T HA

I, o\(A B\ [a B
—cA' 1,)]\c D/ \o D—ca'B
A B\ (1, —A"'B\ (A 0
c D/\o I, ~\c D-cA'B
I, o0\(A B\(I, —A"'B\ (A 0
—cA' 1,)]\c D/ \o I, ~\o D-—cA'B

Problem. & A7 Z34#469—%2F X515 X, A KEME, KA1 rank A 1THE F 094k

(1) & k # 0, rank (kA) = rank (A);

(2) rank (AB) < min{rank (A) ,rank (B)};

(3) rank (g Z) = rank (A) 4 rank (B).
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(4) rank (g g) > rank (A) + rank (B), rank <2 g) > rank (A) + rank (B);

(5) rank (2) <rank (A) + rank (B), rank (A B) < rank (A) + rank (B)

(6) rank (A + B) < rank (A) + rank (B), rank (A — B) < rank (A) + rank (B)
(7) rank (A — B) > |rank (A) — rank (B) |
Problem (Xf&HFE). 8 A & n Wt &4E% Y HX Y rank (I + A) + rank (I — A) = n.
Problem (FEHFE). % A £ n MBRFLEE Y LY rank (A) + rank (I — A) = n.
Problem (Sylvester 73F3\). X A A m xn, B A nx k W%, JE9
rank (AB) > rank (A) + rank (B) — n.
Problem (Frobenius NEFR). MRIZ4E AR T AHLT X— Kk, 129
rank (ABC') + rank (B) > rank (AB) + rank (BC) .
Problem. iE#: rank (A) = rank (AT A)
Problem. X A A nxm %%, B A m xn 45, NIHEEGIERFTH N\ A
m — rank (Ao, — BA) = n —rank (\g — AB).

AT n ZENRK EQAE TR Y () (R 25401, A HET S4MSIOBE S, X —4 n Q’Eﬂfﬁli, H
B (k< n) @ XCRHAT k D EIEE k 4e5m &, Hom fMS (m > n) IBREE—1 m
e, AR A n AW R . R AMK IR A R ME— 1.

Proposition 11.7.2. FATHEAZME ¢ R 5 BB AEMC 20 R,
?

(1) ZRikARSR A A A AT D PR LR R AR 5K
(2) ERAEMSCIA EARAMC AT RELAETE K.
(3) LRAETC < A B2 A AR ] RE L PEAR K.
(4) Lotk EmAMAMAIIRENET K.

I PR RABRRIAT (B1) 0B TR AR s SCTT 3N, FRATT AT AR G b R O e o
AR A,
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FEFERIEFM

I FH R R (R AR AR AR AE TR, FRATTRT DAV BT B 1 Mo Aa) it — S SR AN o0 &R, Ak 1 220 1 4 R AR 1)
N
Theorem 11.7.2 (FHHHFRER). —A> m xn %% A TAEmA=e FTOH X, LI r HLEH

A, P,Q H T 4EE.
A_p (Ir o) 0.

O O
Theorem 11.7.3. 3% Q £ m xn %% A, B &% LI L A1 69485
Problem. %X A Z#3 Q £ sxn £, iE%: A 9FH r SERY FAHR Q Ly
sxr PliHFIES B 5 r xn iT#HHER C, #£1F A= BC.
Problem. X A 3 Q L& mxn #£E, A&A r. XFEREH n—r 8 n NEE B 1%
# AB=0. &F:n—r 9L KG?
LA A i — U], CASAR AN SR SRR 1 A 25

HOW TO STUDY MATH

Don't just read it; fight it!
- Paul R. Halmos

11.1: ANEEE, 542!
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Problem. B4 34X % 6948 X 5] A4

(1) BAEFH X F R,

(2) iE¥l: mod a,a € ZT R EAFMKXE,

(3) A n Wrse A AR (BTF), XA Ti#4EE P {23 B= P AP (B = PTAP).
TEB: AR A SR AR A n MAEFRES LHFNXF,

(4) 2 F3F (a,b),(c,d) €L XZT, 5K F (a,b) ~ (c,d) B HAXE ad = be, IEFAIX A —A
FMKXAR.

Problem. KT# 4% P,Q 1#/3 F34E% A #HE PAQ & A 895 M irfaAlL

1 -1 -1 0
2 =2 -1 2
3 =3 -1 4
1 -1 1 1

Definition 11.8.1. 7EZEAFREH Al AT, FAT5EH € P FH AR E .

A G & mxr(r<m) R WFEME G RIEERRET r, BREATEHTRARER;

B. — M mxn 5 AMNE () ATERERE, A2 nxm HFE B fif§ BA=1,(AB=1,);
I BN A F1—NE () &;

C. X T— mxnHE A HEE Exm EFHERE B 15 BA = 04y, WIFE B A A 11—
MNEFXF, FHETUE XAFELF.

Problem. iEBl iR A6 EIR 8.9.2. BPiX G 2 m xr(r <m) 4E%, W T 3| KL FN:

(1) G AZ|iHFRFEE;

(2) G H—Ar BWAEF 7T 3%k;

(3) G FEHT (f)

(4) H#ESE H %13 (G H) £ TZHE%;

(5) HHEHE K 85 KG=1,, B G A £i¥%;

Problem. % G & mxn(n <m) %%, FHEEGHE r<n, B0 G ALEENLT; Zr=n,

B G BA A ET.

Problem. iE8] C A 7|i#kAk4EE 4 HALY det CHC.

¥R iER

FATRIL, KT IRA N SRR FE AR ORUE M, 22U MR N 1. L2258 R AT (8
B W H R B A T, P IRAME AT A2, 5 I AR, AT IR AT 5] HAH G N2
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S RN TV R B E R, R AR R D7 VA N B T 0. AR R FRATTAS I BA A
H G| FHERACEE TR EATOMES, A DGR 0 [F] 7 m] DL E AT A B

TEBATE XBNHERRFERER, m x n FEFE A B2 E n < m, MAIHERRE A rankA = n 1
fHOL. bR b, FIRR A E SO B 23 R RR T IS 212 (Bl Rk 1 1 6T rank A = n.

WML —A m x n BFIEEFERTLEE n 4> m x 1 AR E, I8 BLEE m N 1 x n AT
. IEWIRAIEMEAT U R W, — N &l DUAE G, A AL E a8 AR BT, = A

SLT A ) A = AR TR]. AT — R RR B9 (17) ZIEMESR 2 ot NF1 (1T) mIE4R5K A

1) 2% 8.

TEREAT LA R AT T A ) 2Rt 2R &, AT 2 ok i 2 [ i B [ . E RE I 2o afe ft
e oy AT AT 2 R A = [ R EHNAHA. R m xn WHEME A HR—D nx 1 5RE
IR E A PR AR — AR A

FE =R RS (A R B U AN EF &, S8 — D mE ] DA e = AN m &L A KR
ok, XA MERR MR MR, A=A X, A% X. — I HE
Wi 2kt r MEMET M R EA, WFRREHNFREBCN r, FRIELTR R LR r. B
ZE | — A rEHAR A2 AR RE.

Definition 11.8.2. —MEFERF ) & I FREL, BF1 m) & 2H AR Bl 1 25 8] R 455, FR O HRE
FIFIRE. [FHEE AT DL TR

FAVE W T &858, B R [F] 27 A] 2230 Uk B

Theorem 11.8.1. AAEATHILT, JEM4 694 = JEF 6917/ = 4EMF 0924

—fEHL, — AN mox n BIHEERE AN RRECL AR 2/ T min {m, n}, X RZBRATERA 7135
PR CHESR n < m BIIEE. FESLIRATE BAHRR 7 — e . Bk e B AR iR A e X
5N E U — .

Definition 11.8.3. % m x n(n < m) 5[ A WHIRAEE N n, WK A RFHEFKFERE.

FEREIESD ) R ATA B E B 15, 2 T ER R ITHI?
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11.9 Analytic Geometry

29

Problem. iE#]: Wk A B, C, D £\ AL E5MN: BETEHN 0093\ 1, v,w, 117

A pu+v+w=0,FH
)\O—zzl—i-,uO?%—i/O?—l—wO?:O.

£ O REFE L.

Problem. 1E8H:

(@xf)- (v x06)+ (axd)-(Bx7)+(axy) - (6x5)=0

Problem. £ — /Myt & iR Z F, ZK-F@mag 542 A

miar+y+z2+1=0,
my i x+ay+z2+2=0,
myrr+y—2z+3=0,

it o T, =K TFEHOEE X R,
Problem. &2 AAG S LARE T, AKX 1,1y A A —RFHAELT:

- r+y—2z+1=0, - 3r—2+1=0,
b r—y+2z=0, : y+22—2=0.

(i) BE%E Iy, BT I, 49-F @ e AL,
(i) K5 11,1, #ArE@, HEL-FTTEaE w(l,2,1) ARG G4
Problem. Z£= B A A SRR T, R TFINAKRL » s s PTiFieit b @may 742,
z=ar+b
z=cy+d

HF oa,cHARAE.
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DONT KNOW, Proofs?

61



62 CHAPTER 12. DONT KNOW, PROOFS?

12.1 Proofs in the set theory

12.1.1 Axioms in the set theory

1 AIEIERR Zorn 5[I8
WwmFEN X, B Zorn GIEEAEAL, WAFE—MNEFERE g, M TEER—1N2TF T8
A, g(A) AET=H LI g(A) € X\A. Zorn 5| FERRSLARDIAE” 287 . E X

Ao ={r €Az <a}.
FIRFR— T2 A C X N7 5747, Jedia Hoi 2 LA R %A
. AREFE
o A TPATHEHRE TR
e Va €A, g(A,) =a.

MR ENXFER” GFER7 SRAFAER, WL {g(0)}, Bk A &7 4747, W Aug(A) &7 4F4E”
NHEBEANEY, & A, B W DAFR 1487, WG A= Boy, Bl Acy = B. BYE X

O:{CEAQB:A<C:B<C}

G C A, NE, # C #£ A, WHELE o, 153 C = A_,. HT C C A, B A\C #11)
/Nt a, W A, CC. HH ce C\Ag, Wa<c,ac Ac. C C. FJE! MUFAH C = A,.
LM C = A, C = By, MG

a=g(Acw) = g(Baw) = .

Wa=be O, 7, BRI
B BRI I 09, WK a € B, A REH o 10 9, H A, = B, FHUY
E R 4

o FRATE: HHMMEATIKRSH.
o EHAEILTH I ALEIH RIS TR a, WHEE o 17 1747 HRRITA].
* 9(E<a) =a a= (A<a) = 9(E<a>-

XU T E RmKK” iE” 2 EU{g(E)} " i, SHKMTE!

A TEIERA R 7 E 18
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ERES X KRR FEE, IR — ik, FEiEsm oo, H4EH
g(a) = f(X\ Ug<a {9(8)}).
HEAT RGN, BLE K R P AR B SOIEVE R AT
RFEIRIERREFE AT
WX RN—HIE, K uX Rk W T ESERTRITER A, € EFwE f
f(A) = min {z]z € A}

Bpm].

Zorn 5|3BIFRR R FEIE

WEGA X, HHTEW ERE LR < W (W, <) BIE—AX. & UmFR
AW )W, <) f8W W H < EW ERRHN < W5 E Zorm 5%
fF, X Ef— R RFFXS (War, <ur).

¥ Wi # X, MBL 2o € X\Way, & SCHHRF T4

Wiy =Wy U{xe}, x <)y xo, Vo e Wyy.

M5 Wy ISR &, Kb Wy = X, BV R e BT

Zorn 5|IBIERRIRIE/NIR
B E b, 7ERE X WTE RS IRFEREUELE, 7T LUE SURT R AR:

(X1, f1) =2 (Xo, fa).

B X 22 Xo WIT&RIG, HIEHRE fo)x, = fi. MSELHAEN Zorm 5135 &AERE, nf LA EH
R TR NER X

12.1.2 Guess real number game

BIA 100 ST ) NZES In— MK, XANMERS 5 s ira A se U %
AT 1]

EE: BIA 100 A58 — R 5 E], 3R] 404G AH 5] 0 R] 51076 55 5K R TH R 4R
%, KT E TS

100 AN N FBFENIX L G5 (8] (— N—AN D5, BEABE LGS, WIS F R T —5k L4t
MR 4056 (AN BLRIE— iR doE AEWRGK, 7T LUEE —3 5 2 )5 Pk e 5O BT kA
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7], BN NEHERE R ARG T REANR]). X, A 75 EOE M X 5K AR B 4R 2% B %k, wifos e
T, BT

AR 3X 100 NS AT DUR TR & — 510, 5208 99 S AN ATLAEIE?

XA ) A A TR, B A Bk B A BRIRATT AT DA 3] 1] 8 1) i 25
fRE

B P B ARSR A B T — AN R B TE 55 KA 1) B
T = (Il,l’g,...,) € R”.

£ RY FHIEFEMRR ~ o~y JHAUFE 2 5 y (NVAERIUANFE. B 7R RHT, 100
HIF G ——BHMER, NEANFENM R IE IR IRR) © (B AH).

THAHE i« DARIERS. HE % = (21, Zigr00, - - -, ) NITE FFREL 100 £ k IR
R TA). B2 i GREE y T EER A A&

I8yt WRERETTH o, ] Ny = maxjey {2t # ¢t} TR N, ZREXH i BEIE
FIFTA Ny, t # i

W M; =1+ max;z {N;}, W i 0RE o (0E8 M, Ar, EEHRITEE, IR« SR1E o' 1Y
A o, IRy, =

AT FEEAS N, > My = 1+ maxjy N XK RZE AR, B AS SR ar
PALERAE 270 99 AN AAFIE.

12.1.3 to be filled

12.2 a
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